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We study numerically the thermal conductivity of single-walled carbon nanotubes for the cases of an isolated
nanotube and a nanotube interacting with a substrate. We employ two different numerical methods: �i� direct
modeling of the heat transfer by molecular-dynamics simulations and �ii� analysis of the equilibrium dynamics
by means of the Green-Kubo formalism. For the numerical modeling of the effective interatomic interactions,
we employ both the Brenner potentials and the intermolecular potentials used in the study of the dynamics of
large macromolecules. We demonstrate that, quite independently of the methods employed and the potentials
used, the character of the thermal conductivity depends crucially on the interaction between a nanotube and a
substrate. While an isolated nanotube demonstrates anomalous thermal conductivity due to ballistic transport
of long-wave acoustic phonons, the nanotube interacting with a flat substrate displays normal thermal conduc-
tivity due to both the appearance of a gap in the frequency spectrum of acoustic phonons and the absorption of
long-wave acoustic phonons by the substrate. We study the dependence of the thermal conductivity on chiral-
ity, radius, and temperature of the single-walled carbon nanotubes in both the regimes and compare our
findings with experimental data and earlier theoretical results for the thermal conductivity.
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I. INTRODUCTION

Carbon-based structures, such as diamond and graphite,
demonstrate the largest measured thermal conductivity of
any known material at moderate temperatures.1 Since the dis-
covery of carbon nanotubes in 1991,2 it was suggested that
this new material could have a thermal conductivity much
larger than that of diamond and graphite.3 Carbon nanotubes
find a lot of applications in electronic and mechanical de-
vices, therefore it is not surprising that the study of the prop-
erties of carbon nanotubes, including their heat transfer, has
attracted a lot of attention over the past decade.4,5

Single-walled carbon nanotubes �SWCNTs� have sparked
great scientific and engineering interest because of their rela-
tive simplicity along with their outstanding electrical and
thermal properties. Consequently, SWCNTs were proposed
for applications in integrated circuits as transistors or
interconnects,6 as well as in heat management as thermal
interface materials.7,8 In both of these cases, the knowledge
of thermal properties of carbon nanotubes is a key for under-
standing their overall behavior.9

Experimental measurement of the dependence of the ther-
mal conductivity coefficient on the carbon nanotube length is
a difficult problem. However, several groups already re-
ported results of such measurements.9–17 The reported data
differ by at least two orders of magnitude, namely,
290–25 000 W /mK, which suggests, on one hand, that the
accuracy of such measurements is not high enough and, on
the other hand, that the thermal conductivity depends on a
number of factors, including the way a nanotube interacts
with a substrate. In addition, there exist a large number of
numerical studies of the thermal conductivity of
nanotubes.18–36 Unfortunately, these studies are somewhat in-

consistent, and a number of issues are waiting to be fully
clarified. For example, earlier papers studied very short
nanotubes and therefore contained only intermediate values
of the conductivity.18,19,23,24 Later studies were concerned
with longer nanotubes20,22,25,26,28–30,33–35 and contain calcula-
tions of the dependence of the thermal conductivity coeffi-
cient on the nanotube length L. In particular, it was
shown20,22,25,28,35 that the coefficient grows as L� with posi-
tive ��0, which is consistent with the ballistic-diffusive
mechanism of the thermal conductivity. The ballistic-
diffusive regime of the thermal conductivity of carbon nano-
tubes was also suggested in Ref. 37, where the electric trans-
port in a nanotube was studied experimentally. However, the
opposite conclusion was reached in Ref. 38, where the
length-dependent thermal conductivity of SWCNTs was
measured for the case when the nanotube is placed on a Si
substrate. In particular, it was observed that the coefficient of
thermal conductivity saturates for larger values of the length
L and approaches a constant value. This observation strongly
contradicts the results of the molecular-dynamics
simulations.20,22,25,35 As a matter of fact, we should note here
that such a comparison of theoretical results and experimen-
tal data seems hardly appropriate because in the experiment38

SWCNTs were placed on a substrate while the theory was
developed for isolated nanotubes. Therefore, a natural ques-
tion arises: what is the effect of the substrate on the thermal
conductivity of carbon nanotubes? To the best of our knowl-
edge, this problem has never been addressed before.

All the papers devoted to the study of the thermal conduc-
tivity of nanotubes employed the so-called Brenner potential
for the numerical modeling of the nanotube oscillatory dy-
namics. Many papers used the direct numerical studies of the
heat transfer, whereas in Refs. 24, 26, and 32 the authors
found the coefficient of the thermal conductivity by means of
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the equilibrium molecular dynamics and the Green-Kubo
formula but considered relatively short nanotubes. The pur-
pose of this paper is twofold. First, we study numerically the
thermal conductivity of isolated SWCNTs by applying two
different methods and considering two types of the interac-
tion potential to obtain detailed information on the depen-
dence of the thermal conductivity coefficient on the length of
the nanotube. Second, we analyze the effect of a flat sub-
strate on thermal conductivity of a nanotube. In order to
verify our results, we use the Brenner potential as well as
simpler standard potentials of the intermolecular interaction
which are used in the molecular-dynamics modeling of large
macromolecules. Two different approaches are employed to
characterize the thermal conductivity: �i� the direct modeling
of the heat transfer by molecular-dynamics simulations and
�ii� the use of the equilibrium molecular dynamics and the
Green-Kubo formalism. To evaluate the effect of the nano-
tube structure, we study the nanotubes of very different ge-
ometries such as the nanotubes with chiralities �m ,0� �zigzag
carbon nanotube� and �m ,m� �armchair carbon nanotube�.
For different geometries of a nanotube, we analyze how its
attachment to a substrate changes the thermal conductivity.

By employing numerical studies of the classical model of
a nanotube, we demonstrate that the use of any of the two
types of the interatomic potential produces similar results.
An isolated infinite ideal nanotube demonstrates anomalous
thermal conductivity due to ballistic flux of long-wave
acoustic phonons, as was already reported in other studies.
The coefficient of the thermal conductivity � grows with the
nanotube length L following the power-law dependence for
large L, ��L� with positive �. The heat flux autocorrelation
function C�t� in accord with the power dependence C�t�
� t� for t→�, where 0���1. The exponents � and � de-
pend only on the nanotube radius R but not on its chirality.
For larger R, the value of � grows while � decreases. Mod-
eling of the dependence of the thermal conductivity on the
temperature has shown that the carbon nanotube demon-
strates a similar anomalous thermal conductivity for all tem-
peratures in the range T�500 K.

A nanotube interacting with a substrate changes the char-
acter of its thermal conductivity, so that the conductivity be-
comes finite, in a sharp contrast with the case of an isolated
nanotube. This effect is related to the fact that the interaction
of the nanotube with a substrate destroys the ballistic propa-
gation of long-wave phonons. First, the coupling of the nano-
tube to the substrate leads to the appearance of a narrow gap
at the bottom of the frequency spectrum of small-amplitude
oscillations �i.e., long-wave acoustic phonons become opti-
cal�. Second, interaction of atoms of the nanotube with sub-
strate atoms reduces the propagation length of phonons due
to their absorption by the substrate. We believe that this
physical picture and the results presented in this paper re-
solve the controversies between the experimental data ob-
tained for the length-dependent thermal conductivity of indi-
vidual SWCNTs on a Si substrate38 and the results of earlier
numerical simulations.20,22,25,35

The paper is organized as follows. In Sec. II we introduce
our model and discuss our choice of interaction potentials
and physical parameters used below in the numerical simu-
lations of the SWCNT dynamics. Section III is devoted to

the analysis of the linearized equations of motion and the
properties of the corresponding dispersion relations for the
linear waves. In particular, we analyze all types of linear
modes, find their characteristic frequencies and velocities,
and also define the density of the frequency spectrum of
linear oscillations of the nanotubes. In Sec. IV we outline the
numerical methods which we employ for analyzing the ther-
mal conductivity of SWCNTs, including the calculation of
the coefficient of the thermal conductivity and the heat flux
through a SWCNT cross section. In addition, we discuss how
to calculate numerically the heat flux autocorrelation func-
tion and its dependence on the linear wave dispersion. Sec-
tion V summarizes our numerical results for two cases: an
isolated nanotube and the nanotube placed on and interacting
with a substrate. In particular, we calculate and discuss the
dependence of the thermal conductivity coefficient on the
length of SWCNT and also study the decay of the heat flux
autocorrelation function for t→�. In Sec. VI we compare
our numerical results with the experimental data available in
the literature, while in Sec. VII we summarize all major nu-
merical results previously obtained in the modeling of the
heat transport and thermal conductivity in nanotubes and dis-
cuss the differences and similarities with our results. Finally,
Sec. VIII concludes the paper with a brief summary of our
major findings.

II. MODEL OF A SINGLE-WALLED CARBON NANOTUBE

Our goal is to study numerically the heat transfer and the
thermal conductivity of ideal long SWCNTs. For simplicity,
we consider the nanotubes with the chirality indices �m ,0�
�the so-called zigzag nanotubes� and �m ,m� �the so-called
armchair nanotubes�. Figure 1 schematically shows the nano-
tube structures. From the geometrical point of view, these
two types of nanotubes differ substantially, so we expect that
our study would allow us to draw some conclusions about
the effect of chirality on the thermal conductivity as well as
on other physical properties. In principle, all the methods
discussed in this paper can be applied to study the thermal
conductivity in any type of nanotube with the chirality index
�m ,n�.

A. Nanotube structure

We consider a carbon nanotube as a cylinder created from
a sheet of graphite. It is convenient to describe the structure
of an ideal nanotube as that created by the operation of a
screw rotation by an elementary unit cell defined between
two neighboring atoms of carbon placed on a surface of a
tube. The corresponding operator, defined as S�	z ,
��,
transforms a point with the cylindrical coordinates �z ,�� into
the point with the cylindrical coordinates �z+	z ,�+
��, i.e.,
it produces a shift along the axis by the distance 	z and a
rotation by the angle 
�. This operation is commutative, i.e.,
any two operators, say S1=S�	z1 ,
�1� and S2=S�	z2 ,
�2�,
are linearly independent. Therefore, the operation S1

mS2
n

produces the coordinate transformation in accordance with
the relation �z ,��→ �z+m	z1+n	z2 ,�+m
�1+n
�2�. The
minimum values of the non-negative numbers m and n,
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which reduce the corresponding operator to the unit operator,
are called the nanotube indices and define the nanotube
chirality. For the nanotubes with the chirality index �m ,0�
�the so-called zigzag nanotubes� shown in Fig. 1�a�, the first
operator S1 is reduced to the rotation by the angle 
�1
=2� /m �and 	z1=0� and the second operator S2 defines a
shift by the value 	z2�0 and the rotation by the angle

�2=� /m. For the nanotube with the chirality index �m ,m�
shown in Fig. 1�b�, the first operator produces the rotation by
the angle 
�1=2� /m�	z1=0� and the second operator pro-
duces a shift by the value 	z2�0 and the rotation by the
angle 
�2=� /m. Therefore, each atom of the carbon nano-
tube can be numbered by three indices �n , l ,k�, where the
first two indices n=0, 1, 2, . . . and l=0,1 , . . . ,m−1 de-
fine the number of the elementary cell �the cell with the
number �n , l� is obtained from the cell �0,0� by applying the

operator S1
l S2

n� and the third index defines the number of the
atoms in the cell, k=0,1.

Figure 1�a� shows the structure of a nanotube with the
chirality index �m ,0�. In an equilibrium state, the nanotube is
defined by the following parameters: radius R0 and two steps,
h1 and h2. Each atom of the nanotube can be numbered by
three indices �n , l ,k�, and the equilibrium coordinates of the
atoms are define as

xn,l,0
0 = 	h�n − 1�, xn,l,1

0 = 	h�n − 1� + h1,

yn,l,0
0 = R cos��n,l,0�, yn,l,1

0 = R cos��n,l,1� ,

zn,l,0
0 = R sin��n,l,0�, zn,l,1

0 = R sin��n,l,1� , �1�

where 	h=h1+h2 is the longitudinal shift of the nanotube,
	�=2� /m is the angular step,

�n,l,0 = �l − 1 + �n − 1�/2�	� ,

�n,l,1 = �n,l,0 + 	�/2 = �l − 1 + n/2�	� .

Figure 1�b� shows the structure of a nanotube with the
chirality index �m ,m�. The nanotube structure is described
by the following parameters: radius R0, angular shift �0, and
longitudinal shift step h. In the equilibrium state, the atoms
have the coordinates,

xn,l,0
0 = h�n − 1�, xn,l,1

0 = h�n − 1� ,

yn,l,0
0 = R cos��n,l,0�, yn,l,1

0 = R cos��n,l,1� ,

zn,l,0
0 = R sin��n,l,0�, zn,l,1

0 = R sin��n,l,1� , �2�

where �n,l,0= �l−1+ �n−1� /2�	� and �n,l,1=�n,l,0+� are the
cylindrical angles and 	�=2� /m.

B. Interatomic potentials

We write down the Hamiltonian for a nanotube in the
following form:

H = �
n

�
l=0

m−1 �1

2
M�u̇n,l,0

2 + u̇n,l,1
2 � + Pn,l� , �3�

where M =12�1.6603�10−27� kg is the mass of a carbon
atom and un,l,k= �xn,l,k�t� ,yn,l,k�t� ,zn,l,k�t�� is the radius-vector
describing the displacement of the carbon atom numbered by
a set of indices �n , l ,k� from its equilibrium position at the
time t. The last term Pn,l stands for the energy of interaction
of the cell with the indices �n , l� with the atoms of the neigh-
boring cells.

Almost all the papers devoted to the numerical study of
the thermal properties of carbon nanotubes modeled the ef-
fective interatomic interaction by means of the Brenner
potential.39,40 In order to define the energy of interaction of
two carbon atoms with the vector indices i and j, we need to
know the positions of other carbon atoms coupled to them.
Let us assume that rij is the distance between the atoms and
�i,1, �i,2, and �j,1, �j,2 are the planar angles between the va-
lent bonds �see the definitions in Fig. 2�. Then the interaction
energy can be written in the form

n,l,0

n,l,1

n,l+1,0

n,l+1,1

n,l−1,0

n,l−1,1

n,l+2,0

n,l−2,1

n,l−2,0

n+1,l,0

n+1,l,1

n+1,l+1,0

n+1,l+1,1

n+1,l−1,0

n+1,l−1,1

n+1,l−2,0

n+1,l−2,1

n+1,l−3,1

n−1,l+1,0

n−1,l+1,1

n−1,l+2,0

n−1,l+2,1

n−1,l,0

n−1,l,1

n−1,l−1,0

n−1,l−1,1

n−1,l−2,1

(a)

n,l,0

n,l,1

n,l+1,0

n,l+1,1

n,l−1,1

n,l−1,0

n+1,l+1,0

n+1,l,0

n+1,l,1

n+1,l−1,0

n+1,l−1,1

n+1,l−2,1

n−1,l+2,0

n−1,l+1,0

n−1,l+1,1

n−1,l,0

n−1,l,1

n−1,l−1,1

(b)

FIG. 1. �Color online� Schematic of a carbon nanotube with the
chirality indices: �a� �m ,0� �zigzag SWCNT� and �b� �m ,m� �arm-
chair SWCNT� and the numbering of atoms. Thick red �gray� lines
mark the valent bond couplings, red �gray� arcs mark the valent
angle couplings, and thin dashed lines show the foundation of two
pyramids which form a dihedral angle along the valent bonds in the
elementary cell �n , l�.
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Uij = VR�rij� − 1
2 �Bij + Bji�VA�rij� , �4�

where

VR�r� =
D

S − 1
exp�− 	2S��r − r0��

is the repulsive part of the interaction potential,

VA�r� =
DS

S − 1
exp�− 	2/S��r − r0��

is the attractive part of the interaction potential,

Bij = �1 + G��i,1� + G��i,2��−
,

Bji = �1 + G��j,1� + G��j,2��−
,

and the function G��� is defined as follows:

G��� = a0�1 +
c0

2

d0
2 −

c0
2

d0
2 + �1 + cos ��2� .

We employ two sets of the physical parameters in this model,
namely, the set39 introduced earlier and defined as

r0 = 1.315 Å, D = 6.325 eV, � = 1.5 Å−1,

S = 1.29, a0 = 0.011 304, c0 = 19,

d0 = 2.5, 
 = 0.804 69 �5�

and the so-called improved set of the physical
parameters,31,40

r0 = 1.39 Å, D = 6.0 eV, � = 2.1 Å−1,

S = 1.22, a0 = 0.000 208 13, c0 = 330,

d0 = 3.5, 
 = 0.5. �6�

When the Brenner potential is used �Eq. �4��, the interac-
tion energy for two neighboring cells can be presented in the
following forms:

Pn,l = U�n,l,0�,�n,l,1� + U�n,l,1�,�n+1,l,0� + U�n,l,1�,�n,l+1,0�

for the nanotube with the chirality index �m ,0� and

Pn,l = U�n,l,0�,�n,l,1� + U�n,l,1�,�n+1,l,0� + U�n,l,1�,�n−1,l+1,0�

for the nanotube with the chirality index �m ,m� �see Fig. 1�.
The Brenner potential allows us to model the formation

and breakup of molecular structures, as well as break-
down and formation of valent bonds. However, since
for the temperatures T�400 K the nanotube structure
does not change, we can also employ simpler standard po-
tentials for the intermolecular interaction which have already
been used in the molecular-dynamics simulations of large
macromolecules.41–43 In this case, the interaction energy can
be presented in the following forms:

Pn,l = V�un,l,0,un,l,1� + V�un,l,1,un+1,l,0� + V�un,l,1,un,l+1,0�

+ U�un−1,l,1,un,l,0,un,l−1,1� + U�un−1,l,1,un,l,0,un,l,1�

+ U�un,l−1,1,un,l,0,un,l,1� + U�un,l,0,un,l,1,un,l+1,0�

+ U�un,l,0,un,l,1,un+1,l,0� + U�un,l+1,0,un,l,1,un+1,l,0�

+ W�un,l,1,un,l,0,un−1,l,1,un,l−1,1�

+ W�un,l,1,un,l,0,un,l−1,1,un−1,l,1�

+ W�un−1,l,1,un,l,0,un,l,1,un−1,l,1�

+ W�un,l,0,un,l,1,un,l+1,0,un+1,l,0�

+ W�un,l,0,un,l,1,un+1,l,0,un,l+1,0�

+ W�un+1,l,0,un,l,1,un,l,0,un,l+1,0� �7�

for the nanotubes with the chirality index �m ,0� and

Pn,l = V�un,l,0,un,l,1� + V�un,l,1,un+1,l,0� + V�un,l,1,un−1,l+1,0�

+ U�un−1,l,1,un,l,0,un+1,l−1,1� + U�un−1,l,1,un,l,0,un,l,1�

+ U�un+1,l−1,1,un,l,0,un,l,1� + U�un,l,0,un,l,1,un−1,l+1,0�

+ U�un,l,0,un,l,1,un+1,l,0� + U�un−1,l+1,0,un,l,1,un+1,l,0�

+ W�un,l,1,un,l,0,un−1,l,1,un+1,l−1,1�

+ W�un,l,1,un,l,0,un+1,l−1,1,un−1,l,1�

+ W�un−1,l,1,un,l,0,un,l,1,un+1,l−1,1�

+ W�un,l,0,un,l,1,un−1,l+1,0,un+1,l,0�

+ W�un,l,0,un,l,1,un+1,l,0,un−1,l+1,0�

+ W�un+1,l,0,un,l,1,un,l,0,un−1,l+1,0� �8�

for the nanotubes with the chirality index �m ,m� �see Fig. 1�.
Here the first term V�u1 ,u2� describes the deformation en-
ergy due to direct interaction between pairs of atoms with the
coordinates u1 and u2. The second term U�u1 ,u2 ,u3� de-
scribes the deformation energy of the angle between the
bonds u1u2 and u2u3. Finally, the third term W�u1 ,u2 ,u3 ,u4�
describes the deformation energy associated with a change of
the effective angle between the planes u1u2u3 and u2u3u4.

First, we consider the potentials employed in the model-
ing of the dynamics of large macromolecules44–46 for the
valent bond coupling,

i

j

θ
i,1

θ
i,2

θ
j,1

θ
j,2

r
ij

FIG. 2. Geometry of the carbon structure near the valent bond
connecting the carbon atoms with the indices i and j.
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V�u1,u2� = D
exp�− ��� − �0�� − 1�2, � = �u2 − u1� , �9�

where D=4.9632 eV is the energy of the valent bond and
�0=1.418 Å is an equilibrium length of the bond; the poten-
tial of the valent angle

U�u1,u2,u3� = �v�cos � − cos �0�2,

cos � =
�u3 − u2,u1 − u2�

�u3 − u2� · �u2 − u1�
, �10�

so that the equilibrium value of the angle is defined as
cos �0=cos�2� /3�=1 /2 and the potential of the torsion
angle

W�u1,u2,u3,u4� = �t�1 − cos �� ,

cos � = �v1,v2�/��v1� · �v2�� ,

v1 = �u2 − u1� � �u3 − u2� ,

v2 = �u3 − u2� � �u4 − u3� . �11�

The specific values of the parameters �=1.7889 Å−1, �v
=1.3143 eV, and �t=0.499 eV are found from the fre-
quency spectrum of small-amplitude oscillations of a sheet
of graphite.47

III. DISPERSION AND SMALL-AMPLITUDE
OSCILLATIONS

In order to find the ground �equilibrium� state of the nano-
tube with the chirality index �m ,0�, we should minimize nu-
merically the potential energy of the stationary homogeneous
state �Eqs. �1�� with respect to the parameters h1, h2, and R,
i.e.,

E0 =
1

Nm
�
n=1

N

�
l=0

m−1

Pn,l → min
R,h1,h2

. �12�

To solve this minimization problem �Eq. �12��, we use the
periodic boundary condition in the index n and also take N
=m. Let us assume that a set of the parameters R, h1, and h2
satisfies this minimization problem, then the energy E0�0
corresponding to that solution defines the energy of the
ground state. In what follows, we will calculate the nanotube
energy from this ground state value.

For the nanotube with the chirality index �m ,m�, we
should make the minimization of the potential energy �Eqs.
�2�� with respect to the parameters R, �, and h. All specific
values of the geometric parameters of the nanotubes for dif-
ferent values of the index m are summarized in Table I.

A. Dispersion relations

For the analysis of small-amplitude oscillations of the
nanotube with the chirality index �m ,0�, we employ the local
cylindrical coordinates un,l,k, vn,l,k, and wn,l,k defined as

xn,l,k = xn,l,k
0 + un,l,k,

yn,l,k = yn,l,k
0 − vn,l,k sin �n,l,k + wn,l,k cos �n,l,k,

zn,l,k = zn,l,k
0 + vn,l,k cos �n,l,k + wn,l,k sin �n,l,k, �13�

where �n,l,0= �l−1+ �n−1� /2�	� and �n,l,1= �l−1+n /2�	�.
The center of this local system of coordinates coincides
with the equilibrium position of the atom �n , l ,k� �n
=0, 1, 2, . . . ; l=0,1 , . . . ,m−1; k=0,1�. The first co-
ordinate un,l,k defines the longitudinal direction along the
nanotube, the second coordinate vn,l,k defines the direction
tangential to the cross section of the nanotube, while the
coordinate wn,l,k defines the direction orthogonal to the cyl-

TABLE I. Dependence of the nanotube radius R, longitudinal steps h1 and h2, velocities of torsion vt and
longitudinal vl sounds, maximum �cutoff� frequency of small-amplitude oscillations �m on the chirality index
m of the nanotube �m ,0� calculated for the molecular-dynamics potential �Eq. �8��, and the Brenner potential
with the original �Eqs. �5�� and modified �Eqs. �6�� sets of physical parameters, respectively.

m
R

�Å�
h1

�Å�
h2

�Å�
vt

�m/s�
vl

�m/s�
�m

�cm−1�

5 2.0011 0.69373 1.41800 8536 13754 1685

2.0334 0.70026 1.42303 9259 13609 1221

2.0761 0.71096 1.45422 10624 16666 1655

10 3.9274 0.70774 1.41800 8004 13744 1609

3.9528 0.70571 1.42062 9263 14245 1260

4.0386 0.72030 1.45177 10691 17644 1699

20 7.8261 0.70895 1.41800 7824 13610 1603

7.8459 0.70863 1.41975 9253 14409 1272

8.0179 0.72400 1.45096 10699 17901 1713

100 39.091 0.70900 1.41800 7762 13522 1600

39.133 0.70968 1.41946 9253 14457 1276

39.994 0.72528 1.45069 10703 17964 1717
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inder surface. In this new system of coordinates, the Hamil-
tonian takes the form

H = �
n

�
l=0

m−1 1

2
M�v̇n,l, v̇n,l�

+ P�vn−1,l;vn,l−1;vn,l;vn,l+1;vn+1,l�� , �14�

where the six-dimensional vector vn,l is defined as
vn,l= �un,l,0 ,vn,l,0 ,wn,l,0 ,un,l,1 ,vn,l,1 ,wn,l,1� and function
P�vn−1,l ;vn,l−1 ;vn,l ;vn,l+1 ;vn+1,l�= P�xn−1,l ;xn,l−1 ;xn,l ;xn,l+1 ;
xn+1,l�, with vector xn,l= �xn,l,0 ,yn,l,0 ,zn,l,0 ,xn,l,1 ,yn,l,1 ,zn,l,1�.

Hamiltonian �14� generates the following set of the equa-
tions of motion:

− Mv̈n,l = Fn,l, �15�

Fn,l = Pv1
�vn,l;vn+1,l−1;vn+1,l;vn+1,l+1;vn+2,l�

+ Pv2
�vn−1,l+1;vn,l;vn,l+1;vn,l+2;vn+1,l+1�

+ Pv3
�vn−1,l;vn,l−1;vn,l;vn,l+1;vn+1,l�

+ Pv4
�vn−1,l−1;vn,l−2;vn,l−1;vn,l;vn+1,l+1�

+ Pv5
�vn−2,l;vn−1,l−1;vn−1,l;vn−1,l+1;vn,l� . �16�

In the linear approximation, this system takes the form

− Mv̈n,l = B1vn,l + B2vn+1,l + B2
�vn−1,l + B3vn+2,l + B3

�vn−2,l

+ B4vn+1,l−1 + B4
�vn−1,l+1 + B5vn+1,l+1 + B5

�vn−1,l−1

+ B6vn,l+1 + B6
�vn,l−1 + B7vn,l+2 + B7

�vn,l−2, �17�

where the matrix elements are defined as

B1 = Pv1v1
+ Pv2v2

+ Pv3v3
+ Pv4v4

+ Pv5v5
,

B2 = Pv1v3
+ Pv3v5

, B3 = Pv1v5
,

B4 = Pv1v2
+ Pv4v5

, B5 = Pv1v4
+ Pv2v5

,

B6 = Pv2v3
+ Pv3v4

, B7 = Pv2v4
,

and the matrix of the partial derivatives takes the form

Pvi,vj =
�2P

�vi � v j
�0,0,0,0,0�, i, j = 1,2,3,4,5.

Solutions of the system of linear equation �Eq. �17�� can
be sought in the standard form,

vn,l = Ae exp�iqn + il
 − i�t� , �18�

where A is the mode amplitude, e is the normalized vector
��e�=1�, q� �0,�� is the dimensionless wave number, and

=2�j /m, where j=0,1 , . . . ,m−1, is the dimensionless mo-
mentum of phonons. Substituting expression �18� into sys-
tem �17�, we obtain the eigenvalue problem,

M�2A = �B1 + B2eiq + B2
�e−iq + B3e2iq + B3

�e−2iq + B4eiq−i


+ B4
�e−iq+i
 + B5eiq+i
 + B5

�e−iq−i
 + B6eiq + B6
�e−i


+ B7e2i
 + B7
�e−2i
�A . �19�

Therefore, in order to find the dispersion relations character-
izing the modes of the nanotube, for each fixed value of the
wave number 0�q�� and fixed momentum 
, i.e., for each
value of the index j, we need to find the eigenvalues of the
Hermitian matrix �Eq. �19�� of the order 6�6. As a result,
the dispersion curves are composed of 6m branches

� j,k�q�� j=0,k=1

m−1,6 , as shown in Fig. 3.
Similarly, using the local coordinates �Eqs. �13�� with the

cylindrical angles �n,l,0= �l−1+ �n−1� /2�2� /m and �n,l,1
=�n,l,0

0 +�, we can obtain all 6m branches of the dispersion
curves 
� j,k�q�� j=0,k=1

m−1,6 for the nanotube with the chirality in-
dex �m ,m� �see Fig. 3�.

As is seen in Fig. 3, the spectrum of the nanotube oscil-
lations occupies the frequency interval �0,�m�, where the
maximum �cutoff� frequency �m practically does not depend
on the chirality index m. When we use the standard
molecular-dynamics potential �Eq. �8��, the maximum fre-
quency is �m�1600 cm−1. This value agrees well with
the experimental data for a planar graphite.48,49 The use of
the Brenner potential with the original set of physical param-
eters �Eqs. �5�� gives much lower value, �m�1250 cm−1.
However, with the modified set of parameters the Brenner
potential �Eqs. �6�� gives the more realistic value, �m
�1700 cm−1.

Now, we discuss the main features of the dispersion
curves in more detail. For each value of the dimensionless
parameter 
=2j� /m, j=0,1 , . . . ,m−1, the dispersion curves
consists of six branches. Since the elementary cell of the
nanotube consists of two atoms, these six branches can be
divided into three optical and three acoustic branches. At 

=0, two branches originate from the point �q=0, �=0� �see
Fig. 3�. The first branch �0,1�q� describes torsion acoustic
vibrations of the nanotubes, whereas the second branch
�0,2�q� describes longitudinal acoustic oscillations of the
nanotube. In this way, we define two sound speeds,

vt = 	h lim
q→0

�0,1�q�
q

, vl = 	h lim
q→0

�0,2�q�
q

,

where for the nanotube �m ,0� the longitudinal step is 	h
=h1+h2 and for the nanotube �m ,m�, this step is defined as
	h=h. The third branch �0,3�q� describes radial acoustic os-
cillations and the fourth branch �0,4�q� describes radial op-
tical oscillations. The branch �0,5�q� corresponds to optical
torsion oscillations, while the branch �0,6�q� describes opti-
cal longitudinal oscillations. The specific values of the sound
speeds vt and vl are presented in Tables I and II.

At the first nonzero value of the momentum, 
=2� /m�j
=1�, the dispersion curves correspond to the nanotube oscil-
lations with bending. The first dispersion curve �1,1�q�
smoothly touches the zero line at q=� /m. At this particular
value of q, ansatz �18� in the limit �→0 describes transverse
displacements of the nanotube without deformations. Thus,
here the first branch of the dispersion curves corresponds to
the acoustic bending oscillations of the nanotube. Since two
curves originate from the point ��=0, qm=� /m�, the acous-
tic branch is double degenerated because the bending may
occur in two orthogonal planes. The velocity of these bend-
ing oscillations is defined as
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vb = 	h lim
q→0

�1,1�qm + q�/q = 0.

Next, we analyze the linear oscillations of a nanotube
with the momentum 
=� �j=m /2� when the atoms of the
neighboring elementary cells in the cross-section layer oscil-
late with the opposite phases. In this case, the dispersion
curves for the chirality indices �m ,0� and �m ,m� differ sub-
stantially. For the nanotube �m ,0�, several dispersion curves
are almost independent of q, which corresponds to a vanish-
ing dispersion. Under such conditions, localized wave pack-
ets of such oscillations may have large lifetime, and nonlin-
earity can lead to the formation of stable strongly localized
nonlinear modes, discrete breathers.47 In the nanotube
�m ,m�, the situation is different, and all modes are strongly

dispersive. This specific difference will be seen below in the
analysis of the heat flux autocorrelation function. The nano-
tube �m ,0�, unlike the nanotube �m ,m�, corresponds to the
correlation function with a slowly decaying oscillatory tail.

We would like to mention that, as follows from Fig. 3, the
use of the Brenner potential with the modified set of physical
parameters �Eqs. �6�� gives a very narrow frequency band of
optical torsion oscillations of the nanotube. This seems to be
an artifact of the Brenner potential and a contradiction to an
experiment. Because of this narrow band, the wave packets
corresponding to optical torsion oscillations will experience
a very slow decay giving rise to slowly decaying high-
frequency oscillations in the correlation function. Such oscil-
lations decay rapidly provided the molecular-dynamics po-
tential �Eq. �8�� is employed.
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FIG. 3. �Color online� �a�–�c� Sixty dispersion curves of the �10,0� nanotube and �d�–�f� 36 dispersion curves of the �6,6� nanotube for
�a� and �d� standard interatomic molecular-dynamics potential �Eq. �8�� and �b�, �c�, �e�, and �f� Brenner potential with �b� and �e� original
set of parameters �Eqs. �5�� and �c� and �f� modified parameters �Eqs. �6��. Curves corresponding to phonons with zero momentum 

=0�j=0� are marked by red �dark gray�, phonons with 
=2� /m�j=1� are marked by blue �dashed lines�, and phonons with the momentum

=��j=m /2� are marked by green �light gray�.

THERMAL CONDUCTIVITY OF SINGLE-WALLED CARBON… PHYSICAL REVIEW B 80, 195423 �2009�

195423-7



B. Density of states

Once the form of all branches of the dispersion relation

� j,k�q�� j=0,k=1

m−1,6 is known, we can determine the dimensionless
density of states of the frequency spectrum, p���, normalized
by the condition �0

�p���d�=1. The characteristic form of the
density of frequency spectrum of linear modes is shown in
Fig. 4.

We consider the density of states for the nanotubes �10,0�
and �6,6� which have similar diameters but different struc-
tures. As is seen in Figs. 4�a� and 4�b�, these two nanotubes
have the same cutoff frequency �m=1610 cm−1, but the in-
ternal structures of the spectra differ substantially. For ex-
ample, the nanotube �6,6� has a continuous spectrum, but the
spectrum of the nanotube �10,0� includes two narrow gaps.
The nanotube differs also by the number of singular points
and their location. When the nanotube radius grows, these
differences vanish. Indeed, the nanotubes �1000,0� and
�600,600� demonstrate almost the same density of states �see
Fig. 4�c��, which for the radius R�400 Å coincides with the
frequency spectrum density of the graphite.

Figure 4�c� shows the density of state of the carbon nano-
tube �600,600� calculated by using the molecular-dynamics
potential �Eq. �8�� and the Brenner potential with the modi-
fied parameters �Eqs. �6��. As is seen in this figure, for low
frequencies ��300 cm−1 the density calculated for the two
models almost coincides while for high frequencies �
�1000 cm−1 substantial differences can be noticed. In fact,
the use of the Brenner potential moves the high-frequency
edge of the spectrum to the right by at least 100 cm−1; the
latter contradicts the experimental data for the upper cutoff
frequency �m�1600 cm−1. Moreover, the high-frequency
region of the spectrum appears to be substantially narrowed.
Therefore, in what follows we will use mainly the molecular-
dynamics potential �Eq. �8�� which we believe describes the
frequency spectrum more adequately.

TABLE II. Dependence of the nanotube radius R, longitudinal step h, velocities of torsion vt and longi-
tudinal vl sounds, maximum �cutoff� frequency of small-amplitude oscillations �m on the chirality index m of
the nanotube �m ,m� calculated for the molecular-dynamics potential �Eq. �8��, and the Brenner potential with
the original �Eqs. �5�� and modified �Eqs. �6�� sets of physical parameters, respectively.

m
R

�Å�
h

�Å�
vt

�m/s�
vl

�m/s�
�m

�cm−1�

3 2.0425 1.24018 7934 13914 1627

2.0775 1.24370 8329 14190 1225

2.1209 1.26877 9549 17482 1666

6 4.0639 1.23222 7887 13709 1610

4.0894 1.23239 8996 14383 1262

4.1782 1.25896 10387 17840 1702

12 8.1246 1.22918 7800 13589 1603

8.1444 1.23002 9190 14444 1273

8.3230 1.25695 10624 17947 1713

60 40.623 1.22807 7761 13464 1600

40.666 1.22931 9251 14448 1276

41.561 1.25635 10699 17916 1717
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FIG. 4. �Color online� Density of states p��� for small-
amplitude oscillations of a carbon nanotube with the chirality indi-
ces �a� �10,0�, �b� �6,6�, and �c� �600,600� obtained for the model
with the molecular-dynamics potential �Eq. �8��. For comparison,
the case �c� also shows the results obtained with the use of the
Brenner potential with the parameters �Eqs. �6�� �curve 1 corre-
sponds to the standard potential and curve 2 corresponds to the
Brenner potential�. The density of states is normalized by the con-
dition �0

�p���d�=1.

SAVIN, HU, AND KIVSHAR PHYSICAL REVIEW B 80, 195423 �2009�

195423-8



IV. NUMERICAL METHODS FOR ANALYZING
THE THERMAL CONDUCTIVITY

For numerical modeling of the heat transfer along the
nanotube, we consider a nanotube of a fixed length with the
edges placed in the thermostats of different temperatures, as
shown in Fig. 5. For calculating the coefficient of thermal
conductivity, we should be able to calculate numerically the
heat flux through any cross section of the nanotube. There-
fore, first we need to obtain a formula for a longitudinal local
heat flux.

First, we consider the nanotube with the chirality
index �m ,0�. If the six-dimensional vector xn,l
= �xn,l,0 ,yn,l,0 ,zn,l,0 ,xn,l,1 ,yn,l,1 ,zn,l,1� defines the coordinates
of atoms in the elementary cell �n , l�, we can present the
system Hamiltonian in the form

H = �
n

�
l=0

m−1 �1

2
Mẋn,l

2 + P�xn−1,l,xn,l−1,xn,l,xn,l+1,xn+1,l�� ,

�20�

where the first term describes the kinetic energy of atoms in
the cell and the second term describes the energy of interac-
tion between the atoms and with the atoms of the neighbor-
ing cells. The motion equations following Hamiltonian �20�
can be written in the form

Mẍn,l = − P1�xn,l,xn+1,l−1,xn+1,l,xn+1,l+1,xn+2,l�

− P2�xn−1,l+1,xn,l,xn,l+1,xn,l+2,xn+1,l+1�

− P3�xn−1,l,xn,l−1,xn,l,xn,l+1,xn+1,l�

− P4�xn−1,l−1,xn,l−2,xn,l−1,xn,l,xn+1,l−1�

− P5�xn−2,l,xn−1,l−1,xn−1,l,xn−1,l+1,xn,l� , �21�

where the function Pj is defined as

Pj =
�

�x j
P�x1,x2,x3,x4,x5�, j = 1,2, . . . ,5.

To determine the energy flux through the nanotube cross
section, we present formula �20� in a compact form, H
=�n hn, where hn is the energy density,

hn = �
l=0

m−1 �1

2
Mẋn,l

2 + P�xn−1,l,xn,l−1,xn,l,xn,l+1,xn+1,l�� .

�22�

Local longitudinal heat flux jn is defined through the local
energy density hn by the discrete version of the continuity
equation,

d

dt
hn = jn − jn+1. �23�

Using the energy density �Eq. �22�� and the motion equa-
tions �Eq. �21��, we can derive the following relations:

d

dt
hn = �

l=0

m−1

�Mẋn,lẍn,l + P1,n,lẋn−1,l + P2,n,lẋn,l−1 + P3,n,lẋn,l

+ P4,n,lẋn,l+1 + P5,n,lẋn+1,l� = �
l=0

m−1

�− P1,n+1,lẋn,l

− P5,n−1,lẋn,l + P1,n,lẋn−1,l + P5,n,lẋn+1,l� ,

where

Pj,n,l = Pj�xn−1,l,xn,l−1,xn,l,xn,l+1,xn+1,l� ,

j=1,2 , . . . ,5. From this and Eq. �23� it follows that the en-
ergy flux through nth cross section has the following simple
form:

jn = �
l=0

m−1

�P1,n,lẋn−1,l − P5,n−1,lẋn,l� .

For the nanotube with the chirality index �m ,m�, Hamil-
tonian takes the form H=�n hn, with the local energy density

hn = �
l=0

m−1 �1

2
Mẋn,l

2 + P�xn−1,l,xn,l+1,xn,l,xn,l−1,xn+1,l�� .

Here jn is the energy flux through the nth cross section of the
nanotube,

jn = �
l=0

m−1

��P1,n,l + P2,n,l−1�ẋn−1,l − �P4,n−1,l+1 + P5,n−1,l�ẋn,l� .

For a direct numerical modeling of the heat transfer along
the carbon nanotube, we consider a finite structure of the
length N	h with fixed ends. We assume that the first N+
=40 segments are placed in the thermostat T+=310 K and
the last N−=40 segments are placed in the other thermostat at
T−=290 K. The nanotube dynamics is described by the fol-
lowing equations of motion:

Mẍn,l = − Fn,l − �Mẋn,l + �n,l
+ ,

n = 2, . . . ,N+,

Mẍn,l = − Fn,l,

n = N+ + 1, . . . ,N − N−,

Mẍn,l = − Fn,l − �Mẋn,l + �n,l
− ,

n = N − N− + 1, . . . ,N , �24�

where Fn,l=�H /�xn,l, l=0, . . . ,m−1, �=1 / tr is the damping
coefficient �relaxation time tr=0.1 ps�, and �n,l



T=T+ T=T-

1≤ n ≤N+ N <n N-N+ ≤ - N-N <n N- ≤

FIG. 5. Example of the nanotube �10,10� with N longitudinal
steps. First left N+ segments are attached to the T=T+ thermostat
and the last right N− segments are attached to the T=T− thermostat.
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= ��n,l,1
 , . . . ,�n,l,6

 � is six-dimensional vector of normally dis-
tributed random forces normalized by the condition

��n,k,i
 �t1��m,l,j

 �t2�� = 2MkB�T
nm
kl
ij
�t1 − t2� .

We take the initial conditions corresponding to the equi-
librium state of the nanotube,


xn,l�0� = xn,l
0 , ẋn,l�0� = 0�n=1,l=0

N,m−1 , �25�

where the equilibrium coordinates of atoms xn,l
0 are defined

by Eqs. �1�, for the nanotube �m ,0�, and by Eqs. �2�, for the
nanotube �m ,m�. With these initial conditions, we intergrade
numerically the equations of motion �Eqs. �24�� by employ-
ing the Verlet velocity method with the step 	t=0.0005 ps.
After some integration time t0 �this value depends on the
nanotube length between the thermostats, 	L= �N−N+
−N−�	h�, we observed the formation of a temperature gradi-
ent and a constant heat energy flux in the central part of the
nanotube. The time t0 for approaching this stationary regime
grows with the nanotube length. For N=90 �	L=10	h
=2.17 nm�, it is sufficient to take t0=10 ps, but for N
=2640 �length 	L=555.5 nm�, the stationary regime is
reached only after t=800 ps. It is important to notice that the
time t0 can be reduced by modifying the initial distribution of
the energy, e.g., taking the initial condition for the system
�Eqs. �24�� as homogeneously thermalized state with the
mean temperature T= �T++T−� /2=300 K.

After the stationary heat flux is established, we can find
the temperature distribution by using the formula

Tn = lim
t→�

M

6mkBt
�

0

t

�
l=0

m−1

ẋn,l
2 ���d�

and the averaged value of the energy flux along the nanotube

Jn = lim
t→�

	h

t
�

0

t

jn���d� . �26�

Distributions of the local energy flux and temperature
along the nanotube are shown in Figs. 6�a� and 6�b�. In the
steady-state regime, the heat flux through each of the cross
section at the central part of the nanotube should remain the
same, i.e., Jn�J, N+�n�N−N−. This property can be em-
ployed as a criterion for the accuracy of numerical modeling
and can also be used to determine the characteristic time for
achieving the steady-state regime and calculation of Jn and
Tn. Figure 6�a� suggests that the flux is constant along the
central part of the nanotube thus suggesting we achieved the
required regime.

At the central part of the nanotube, we observe the linear
gradient of the temperature distribution, so that we can de-
fine the coefficient of thermal conductivity as

��N − N+ − N−� =
�N − N− − N+ − 1�J
�TN++1 − TN−N−

�S
, �27�

where S=�R2 is the area of the cross section of the nanotube
�R is the radius�. The result �Eq. �27�� can be improved fur-
ther provided we approximate the temperature in the central
part of the nanotube by a linear function, Tn��n+�. Then,
formula �27� becomes ��N−N+−N−�=J /S�. In this way, the

calculation of thermal conductivity is reduced to the calcula-
tion of the limiting value,

� = lim
N→�

��N� . �28�

It is important to mention that the linear distribution of
temperature in the central part of the nanotube and the value
of the thermal flux depend only weakly on the relaxation
time of atoms tr at the hot and cold edges �see Fig. 6�b��.
More substantial changes are observed for relatively large
viscosity of thermostat, tr=0.025 ps. Here a small decrease
of the flux is compensated by a change of the temperature
gradient inside the nanotube, so that the resulting value of
the thermal conductivity coefficient remains almost un-
changed. For example, for the nanotube with chirality �6,6�
and N=240 elements the coefficient of thermal conductivity
��N−N+−N−�=380–390 W /mK for tr=0.025, 0.05, 0.1,
0.2, and 0.4 ps. In what follows, we use the fixed value tr
=0.1 ps that corresponds approximately to the relaxation
time of a single atomic oscillation in a nonthermalized nano-
tube, i.e., the time when the energy decays in e times due to
the radiation of phonons.

In order to determine the coefficient of thermal conduc-
tivity, we need to know only the dependence of the tempera-
ture in the central part of the nanotube. However, a change of
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FIG. 6. �Color online� Distributions of �a� local heat flux Jn and
�b� local temperature Tn in the nanotube �6,6� for relaxation times
tr=0.4, 0.2, 0.1, 0.05, and 0.025 ps �curves 1–5�. The parameters
are length N	h=29.52 nm �N=240, 	h=0.123 nm�, tempera-
tures T+=310 K and T−=290 K, and the number of cells in the
thermostats, N=40. The averaging time is t=1 ns. The regions
placed in the thermostats are shown in gray, 1�n�N+, N−N−

�n�N.
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the temperature distribution at the edges of the nanotube can
also provide some useful information. If the nanotube is
placed into a Langevin thermostat at temperature T, each
segment of the nanotube should have the temperature Tn=T
due to the energy balance of the input energy from random
forces and the energy lost to dissipation. Then, an averaged
energy flow from the nth segment of the nanotube can be
presented as

�M �
l=0

m−1

�ẋn,l
2 � = 6mkBTn/tr.

If only the edges of the nanotube are placed into thermostat,
there appears an additional energy exchange with its central
part, so the energy from the right edge will flow to the left
edge. As a result, the temperature of the left edge is reduced
�Tn�T+�, whereas the temperature at the right edge grows
�Tn�T−� �see Fig. 6�. This information allows us to find the
energy flux in the central part of the nanotube using only the
energy imbalance at the edges,

Jtr

	h6mkB
= �

n=1

N+

�T+ − Tn� = �
n=N−N−+1

N

�Tn − T−� . �29�

If the lengths of the edges placed into thermostat coincide,
i.e., N+=N−=N, we can rewrite this formula in the follow-
ing simplified form:

J =
	h3mkB

tr
�
n=1

N

�T+ − T− − Tn + TN+1−n� .

Equation �29� gives an alternative way for calculating the
thermal energy flux J and can be employed for verifying the
results obtained with the help of Eq. �26�. Our numerical
simulations demonstrate that both these formulas lead to the
same value of the thermal energy flux, J.

Another method for the study of thermal conductivity co-
efficient � is connected with the Green-Kubo formula,50

� =
1

kBT2 lim
t→�
�

0

t

lim
N→�

1

V
�J�s� · J�0��ds , �30�

where V=�	hR2N is the volume of the nanotube of the
length N	h and J is the total energy flux,

J = 	h�
n=1

N

jn,

along a finite nanotube with the periodic boundary condi-
tions. Formula �30� can be written in the form

� =
1

kBT2�R2	h
lim
t→�
�

0

t

C�s�ds , �31�

where we introduce the heat flux autocorrelation function

C�t� = lim
N→�

1

N
�J�t� · J�0�� , �32�

and the averaging � · � should be made for all thermalized
states of the nanotube.

In this second approach for calculating the thermal con-
ductivity coefficient we need to calculate the integral �Eq.
�31��. If this integral diverges, then the nanotube has an in-
finite thermal conductivity. Numerically, the correlation
function �Eq. �32�� can be calculated for a finite chain as
follows:

CN�t� =
1

N
�J�s� · J�s − t��s. �33�

Here, we need to take a large enough number of cells N for
a better convergence of the approximated function CN�t� to
the correlation function C�t�. Our numerical results demon-
strate that it is necessary to take N=2000 for the nanotube
with the chirality �m ,0�, but the nanotube with the chirality
�m ,m� requires the value N=3000. In connection with this
we notice that the value N=64 used in one of the earlier
studies27 seems insufficient, and the correlation function for
such short steps looks like a noise which carries no useful
information.

To find the correlation function we need to solve numeri-
cally a finite system of equations of motion �Eq. �21��, n
=1,2 , . . . ,N, with the periodic boundary conditions and the
initial conditions corresponding to a thermalized state of the
nanotube. For this purpose, we employ the Langevin equa-
tions,

Mẍn,l = − Fn,l − �Mẋn,l + �n,l,

n = 1,2, . . . ,N, l = 0,1, . . . ,m − 1, �34�

where the function Fn,l is defined by expression �16�, �
=1 / tr is the damping coefficient, tr is the relaxation time of
the atom �we can use here the value tr=0.1 ps�, and �n,l
= ��n,l,1 , . . . ,�n,l,6� is the six-dimensional vector of normally
distributed random forces describing the interaction of atoms
of the cell �n , l� with the thermostat. The random forces are
assume to have the standard correlation properties,

��n,k,i�t1��m,l,j�t2�� = 2M�kBT
nm
kl
ij
�t1 − t2� , �35�

where kB is the Boltzmann constant and T is the thermostat
temperature.

In order to achieve a thermalize state, we integrate the
Langevin system �Eqs. �34�� with the initial conditions �Eq.
�25�� corresponding to the equilibrium state of the nanotube
for the period of time t=20tr. To increase the accuracy of the
numerical calculations, we make the averaging in Eq. �33�
for 103 independent realizations of the thermalized nanotube.

The form of the correlation function C�t� depends sub-
stantially on the nanotube chirality �see Fig. 7�. For example,
for the nanotube with the chirality index �m ,m� this function
does not have any high-frequency oscillations, after about
0.4 ps all oscillations decay rapidly, and then the function
tends to zero monotonously for t→� �see Fig. 7�a��. For the
nanotube with the chirality index �m ,0�, we observe always
high-frequency oscillations for t�3 ps. However, these os-
cillations decay for longer time and the function becomes
monotonically decaying for t→� �see Figs. 7�b� and 7�c��.
We observe that the oscillation amplitude grows sharply and
decays slowly in the case of the use of the Brenner potential
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�see Fig. 7�d��. In this case, we may estimate the correlation
function only if we consider the smoothen dependence cal-
culated as

C̄�t� =
1

	t
�

t−	/2

t+	/2

C�s�ds ,

which provides averaging of high-frequency oscillations for
	t=0.1 ps. This smoothen function is shown in Fig. 7�d� in
red �gray�, and it vanishes rapidly.

We would like to mention that the high-frequency oscil-
lations of the heat flux autocorrelation function are not re-
lated with the averaging procedure. They appear for any
number of independent realizations of thermalized states of
the nanotube. To understand the origin of these oscillations,
we find their frequency spectrum and compare it with the
frequency spectrum of small-amplitude oscillations of the
nanotube itself. When we use the molecular-dynamics poten-
tial, for the nanotube �10,0� we observe the oscillations of
the correlation function with the main frequency �

=847 cm−1, as shown in Fig. 8. This frequency coincides
with the frequency �0,4�0� of the radial optical oscillations
�see Fig. 3�a��. In the vicinity of this frequency there are
three dispersion curves with a weak dependence on the wave
number q. For the nanotube �6,6�, this frequency corresponds
to a single mode that decays more rapidly with q �see Fig.
3�d��. Therefore, the radial optical oscillations of the nano-
tube �6,6� will decay faster than those for the nanotube
�10,0�. As a result, the oscillations of the correlation function
for the nanotube �6,6� decay much faster.

The frequency spectrum of the correlation function calcu-
lated with the help of the Brenner potential displays three
peaks, as shown in Fig. 8. The main peak at the frequency of
1670 cm−1 corresponds to the optical torsion oscillations of
the nanotube. Since these oscillations are not described well
by the Brenner potential, the obtained spectrum appears as
being very narrow �1658,1683� cm−1 and the dispersion
curves do not depend on the wave number �see Fig. 3�c��.
Therefore, such oscillation will decay very slow giving rise
to high-frequency oscillations of the correlation function.
The second peak corresponds to radial optical oscillations
with the frequency �0,4�0�=847 cm−1 and the third peak
corresponds to radial acoustic oscillations with the frequency
�0,3�0�=257 cm−1.

V. THERMAL CONDUCTIVITY:
A SUMMARY OF RESULTS

Our studies demonstrate that thermal conductivity of the
nanotube depends dramatically on its interaction with a sub-
strate. More specifically, an isolated nanotube demonstrates
anomalous �infinite� conductivity, whereas a nanotube placed
on a flat substrate changes its conductivity to normal �finite�
one. Therefore, below we consider these two cases sepa-
rately.

A. Isolated nanotubes

Our extensive numerical results demonstrated that the
heat flux autocorrelation function of an isolated nanotube
always decays in accord with the power-law dependence
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FIG. 7. �Color online� Correlation function C�t� �in the units
�C�= �eV Å /ps�2� for T=300 K and �a� nanotube �6,6� and �b� and
�c� nanotube �10,0� calculated with the use of the molecular-
dynamics potentials �Eq. �8��. For comparison, in �d� and �e� we
show the correlation function for the nanotube �10,0� obtained for
the Brenner potential �red �gray� curve shows a smoothen depen-
dence�. In calculations, we used N=3000 periods for the nanotube
�6,6� and N=2000 periods for the nanotube �10,0�.
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FIG. 8. �Color online� Density of states p��� for decaying os-
cillations of the correlation function C�t� for the nanotube �10,0�
calculated for the molecular-dynamics potential �Eq. �8�� �blue�
and the Brenner potential �red �gray� curve�. The first peak corre-
sponds to the frequency of 258 cm−1, second −847 cm−1, and the
third −1670 cm−1. The density is normalized by the condition
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�p���d�=1.
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C�t� � t−� when t → � , �36�

with the exponent � growing monotonically with the nano-
tube radius but remaining always ��1 �see Fig. 9�. For the
nanotubes with the chirality indices �3,3� and �5,0�, the ex-
ponent is �=0.5, for the nanotubes �6,6� and �10,0�, it is �
=0.7, and for the nanotube �20,0�, we find �=0.9. It is im-
portant to mention that we have verified that the use of the
Brenner potential gives the same values of �, but it requires

to smoothen the correlation function C̄�t�.
From the asymptotic dependence �Eq. �36�� it follows the

divergence of the integral in Green-Kubo formula �31� and
therefore the infinite thermal conductivity of an isolated
nanotube. The divergence rate grows monotonically with the
decrease of the nanotube radius, so the nanotubes of smaller
radius demonstrate more pronounced anomalous conductiv-
ity. We confirm these results by a direct modeling of the heat
transfer in the nanotube.

Dependence of the coefficient � on the length L of the
nanotube �defined as the length of the part between the two
thermostats� is shown in Fig. 10. As follows from this figure,
thermal conductivity grows with the length L in accord with
the power law, L�, where growth rate depends on the nano-
tube radius R but not on its chirality. Figure 10 also shows
that for the nanotubes of different chiralities but approxi-
mately same radii, e.g., the nanotubes �3,3� and �5,0� �radius
R=2 Å� and �6,6� and �10,0� �radius R=4 Å�, thermal con-
ductivity grows with the same rates, �=0.38 for R=2 Å and
�=0.21 for R=4 Å. For large enough L the nanotubes with

the same radius have the same thermal conductivity.
Our numerical simulations of the heat transport in isolated

nanotubes do confirm the earlier results about infinite ther-
mal conductivity of SWCNTs. The coefficient of thermal
conductivity � of the nanotube of a fixed length L depends
only on its radius R, and ��L� decreases with the radius. This
dependence seems obvious because in the definition �Eq.
�27�� the heat flow J is divided by the area of the nanotube
cross section, S=�R2. Since the number of particles in the
cross section is proportional to the circumference 2�R, but
not the area, we obtain �→0 for R→�. For such a defini-
tion, the thermal conductivity coefficient � of a graphite
sheet will tend to zero. To avoid this dimension effect, we
use the renormalized coefficient, �c=�R /2, when the energy
flow through the cross section is divided by the circumfer-
ence but not the area.

Dependence of the renormalized coefficient of thermal
conductivity �c on the length of the nanotube length L is
shown in Fig. 11. As follows from this figure, the thermal
conductivity grows with R even after the normalization, but
the growth rate decreases for larger nanotube radii. For ex-
ample, for R=2 Å �nanotube �5,0��, we have �=0.38, for
R=4 Å �nanotube �10,0��, we have �=0.21, and for R
=8 Å �nanotube �20,0��, we obtain �=0.14. Thus, the
anomalous conductivity will manifest itself more strongly for
the nanotubes of smaller radius.

We notice that for large values of the nanotube radius R
we should expect a substantially different dependence of the
normalized coefficient �c because it is known that for R
�11 Å SWCNTs become bistable and create a new fully
collapsed state �the nanotube changes its three-dimensional
structure to a flat two-layer stripe�, and for R�30 Å only
this collapsed state will remain stable.51–53 It is expected that
such a dramatic change of the nanotube geometry will
modify substantially the nanotube properties including its
thermal conductivity. However, this problem is beyond the
scope of our study where we always assume the nanotubes of
smaller radii.

Thermal conductivity of a long multiwall nanotube also
decays monotonically with its radius. The similar behavior
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FIG. 9. �Color online� Power-law decay of the heat flux auto-
correlation function C�t� for �a� nanotubes �20,0� and �10,0� �curves
1 and 2� and �b� nanotubes �6,6� and �3,3� �curves 3 and 4� �dimen-
sions are �t�=ps and �C�= �eV Å /ps�2�. Straight lines define the
dependence t−� with exponents �=0.87, 0.72, 0.69, and 0.5 �lines
1–4�. Temperature T=300 K.
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was observed experimentally.11 Indeed, the experimental data
suggest that for room temperature thermal conductivity
grows with a decrease of the nanotube radius and reach the
value of 2000 W/mK for the diameter of 9.8 nm �for the
nanotube length L=3.70 �m�.

We notice that the use of the Brenner potential gives the
same values of the exponents � and �, but for large L the
obtained values of the thermal conductivity coefficient are
larger by about 30% �see Fig. 10�. This can be explained by
an extra “hardness” of the Brenner potential. Similarly, the
speed of long-wave torsion and longitudinal acoustic
phonons is also larger for the Brenner potential in compari-
son with the model using the molecular-dynamics potentials
�see Tables I and II�. This suggests, once more, that the char-
acter of thermal conductivity is defined by the main contri-
bution from long-wave acoustic phonons which define the
ballistic energy flow being responsible for the overall infinite
thermal conductivity. In a sharp difference, the study of the
nanotube interacting with a substrate gives completely differ-
ent results, as shown in Sec. V B.

B. Nanotubes interacting with a substrate

Now we study the effect of substrate on thermal conduc-
tivity of a nanotube. We consider the nanotube placed on a
flat crystalline surface �e.g., a surface of a Si crystal�. For
simplicity, we assume that only nearest neighbors interact
�see Fig. 12�. As the first approximation, we assume that the
substrate atoms do not move. Then, the thermal energy ex-
change is absent, and the interaction can be described by an
additional on-site potential U�x ,y ,z�=K0�x2+y2+z2� /2,
where �x ,y ,z� is the displacement of the atom from its equi-
librium position and K0 is the elasticity coefficient. For the
valent interaction between the atoms, K0�300 N /m,
whereas for nonvalent interaction, K0�3 N /m. We add the
on-site potential U into Hamiltonians �3� and �20� only for
the atoms interacting with the substrate and make the corre-
sponding changes in the motion equations �Eqs. �15�, �21�,

and �24��. Importantly, the formulas defining the local heat
flux jn will not change, and we may apply the same methods
as used above for the isolated nanotube, including the equi-
librium dynamics based on the Green-Kubo formula.

Interaction with the substrate leads to the disappearance
of long-wave acoustic phonons and appearance of a narrow
gap �0,�0� at the bottom of the frequency spectrum of small-
amplitude oscillations. For example, for the nanotube �3,3�
and K0=300 N /m the gap width is �0=25 cm−1 and for
K0=3 N /m the frequency is �0=2.5 cm−1. For numerical
modeling, a nanotube of a smaller radius is more convenient
to study, so we consider the nanotube �3,3�.

The appearance of a gap in the frequency spectrum of
small oscillations of the nanotube leads to a dramatic change
of the character of its thermal conductivity. For t→� the
correlation function C�t� decays faster than the dependence
t−1 found earlier. For example, for the nanotube �3,3� with
hard interaction �K0=300 N /m�, the correlation function de-
cays in accord with a power law t−�, where �=1.3�1 �see
Fig. 13�. Therefore, we expect that a nanotube interacting
with a substrate should have a finite thermal conductivity.
We point out to an analogy with the thermal conductivity of
one-dimensional nonlinear chains: an isolated Fermi-Pasta-
Ulam nonlinear chain is known to have infinite conductivity,
which becomes finite in the presence of a substrate
potential.54

The asymptotic dependence C�t�� t−1.3 for the nanotube
�3,3� allows to find, from Green-Kubo formula �31�, the con-
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FIG. 12. �Color online� Schematic of a �6,6� nanotube interact-
ing with the atoms of the substrate.
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ductivity coefficient �=1440 W /mK. Direct numerical
simulations of the heat transfer in the nanotube show that the
presence of a substrate changes dramatically the thermal con-
ductivity of a fixed-length nanotube �see Fig. 14�. For L
�0.32 �m, the coefficient ��L� for the nanotube �3,3�
grows as a monotonic function L0.33. Using the value �
=1440 W /mK obtained from the Green-Kubo formula, we
can evaluate the critical length of the nanotube when the
conductivity saturation is observed, L�1.6 �m. For weak
interaction with the substrate �K�1 N /m�, the presence of a
substrate leads to the appearance of a narrow gap in the
frequency spectrum, so that the saturation should be ob-
served for much larger distances. However, the effect of sub-
strate will become even stronger if we take into account the
energy exchange between the nanotube and substrate.

In order to take into account the energy exchange between
the nanotube and substrate, we should assume that the atoms
of the substrate are not fixed, and they can move interacting
directly with the thermostat and the substrate atoms. In this
case the system “nanotube+substrate” is not closed, and we
should only relay on the numerical methods and direct mod-
eling on the thermal conductivity.

We modify the model introducing a coupling between the
neighboring atoms, as shown in Fig. 12. If the vector un
= �xn ,yn ,zn� defines the displacement of the substrate atom
coupled to the atom �n , l , i� of the nanotube, then the dynam-
ics is described by the following Langevin equations:

Mẍn,l,i = − Fn,l,i − K0�xn,l,i − un� ,

M0ün = K0�xn,l,i − un� − K1un − �M0u̇n + �n,

where the vector xn,l,i describes the displacement of the
nanotube atom with the indices �n , l , i� from its equilibrium
position, Fn,l,i=�H /�xn,l,i, the parameter K0 characterizes the
strength of coupling between atoms of nanotube and sub-
strate, M0 is the mass of the substrate atom, K1 stands for the
interaction between the substrate atoms, �=1 / tr is the damp-
ing coefficient, and �n= ��n,1 ,�n,2 ,�n,3� is the three-

dimensional vector of normally distributed random forces
with standard correlation properties,

��n,k�t1��m,l�t2�� = 2M0�kBT
nm
kl
�t1 − t2� .

Here T is temperature of the substrate. For definiteness, we
take M0=28mp corresponding to the Si substrate and also
select the characteristic value K1=300 N /m and relaxation
time tr=0.1 ps.

In our numerical simulations of the thermal conductivity
of fixed-length nanotubes, we place the left edge of the nano-
tube defined as �1�n�N+� into thermostat with temperature
T+=310 K and its right edge �N−N−�n�N� into thermo-
stat with temperature T−=290 K. We assume that only the
atoms of the central part of the nanotube interact with the
substrate, N+�n�N−N−, where an energy exchange be-
tween nanotube and substrate occurs. To avoid additional
energy flow from the substrate, we take temperature of the
substrate T=T−.

In this case, a nonlinear temperature gradient appears, and
the thermal energy flux decays monotonically from the left to
right edge �see Fig. 15�. Such a behavior is due to the energy
exchange between the central part of the nanotube and sub-
strate. A part of the thermal energy is absorbed by the sub-
strate that has temperature T=T−�T+. Formula �27� remains
correct, however we should define correctly the thermal flux

4 5 6 7 8 9

5.5

6

6.5

7

7.5

ln L

ln
κ

κ=1440

1

2

L0.33

FIG. 14. �Color online� Dependence of the thermal conductivity
coefficient � on the nanotube length L for an isolated nanotube �3,3�
�marker 1� and for the nanotube on a plane substrate �marker 2�.
Temperature T=300 K, stiffness K0=300 N /m, and dimensions
are �L�=Å and ���=W /mK. Line shows dependence ��L� with
�=0.33.

1 100 200 300 400 500 600 700

290

300

310

(b)

T
n

(K
)

n

1 100 200 300 400 500 600 700

0

0.1

0.2

0.3 (a)

J n
(A

eV
/p

s)
o

FIG. 15. �Color online� Distribution of �a� local heat flux Jn and
�b� local temperature Tn in the nanotube �3,3� in the presence of the
energy exchange with a flat substrate �temperature of the left edge
T+=310 K, temperature of the right edge T−=290 K, and tempera-
ture of the substrate T=T−�. The parameters are length N	h
=88.56 nm �N=720, 	h=0.123 nm�, the number of cells in the
thermostats, N=40, and interaction potential coefficient K0

=300 N /m. The regions placed in the thermostats are shown in
gray. Green �light gray� curve in �a� shows the power-law depen-
dence �Eq. �37�� for �=0.025 and �=1.30.

THERMAL CONDUCTIVITY OF SINGLE-WALLED CARBON… PHYSICAL REVIEW B 80, 195423 �2009�

195423-15



J because it varies along the nanotube. To define the thermal
flux we need to know the energy transferred between the
edges of the nanotube. This energy is defined by the thermal
flux near the right edge of the nanotube, therefore we take
J=JN−N−

.
Our numerical simulations of the heat transfer demon-

strate that the energy flux Jn in the central part of the nano-
tube can be approximated by a power-law function

Jn = JN++1/�1 + ��n − N+ − 1���, �37�

with ��1. In particular, for the nanotube �3,3� and valent
interaction �K0=300 N /m� we find �=1.3 �see Fig. 15�a��.
The power � decreases when the interaction with the sub-
strate becomes weaker but it is always larger than one. For
example, for K0=30 we obtain �=1.14, and for K0
=3 N /m we have �=1.07. As a result, the coefficient ��N�
will tend to a finite value for N→�.

Dependence of the coefficient of thermal conductivity vs
the nanotube length is shown in Fig. 16. As follows from
those results, due to the interaction with the substrate the
thermal coefficient stops to grow. For strong valent coupling
between the nanotube and substrate �K0=300 N /m� this oc-
curs for L�10 nm, weaker interaction �K0=30 N /m� give
a bit longer length, L�40 nm, and for very weak nonvalent
interaction �K0=3 N /m�, we obtain L�800 nm. A finite

value of the coefficient of thermal conductivity is due to
absorption of long-wave phonons by the substrate which in
isolated nanotube have infinite propagation length.

Our numerical simulation results demonstrate that all
phonons in the nanotube interacting with a substrate have a
finite propagation length due to their absorption by the sub-
strate. As a result, the coefficient ��L� decays with the nano-
tube length L since less phonons reach the right edge of the
nanotube. However, this result cannot be extrapolated fur-
ther, so that we are not able to make a rigorous statement
about vanishing thermal conductivity since our modeling
does not take into account the thermal energy transferred
along the substrate. In reality, more general model describing
more complex two-component system nanotube+substrate
will show a finite conductivity determined by a thermal con-
ductivity of the substrate and the coupling between the nano-
tube and substrate. This latter model is close to the system
actually measured in experiment. Nevertheless, one of the
main conclusions of our study is that such experimental data
should not be used for the definition of the thermal conduc-
tivity of isolated nanotubes, and the interaction may be cru-
cial changing even the type of the thermal conductivity.

More specifically, our study shows that in the presence of
even weak interaction between atoms of nanotube and sub-
strate the thermal conductivity of SWCNT placed on a sub-
strate differs substantially from the conductivity of an iso-
lated nanotube for L�0.8 �m. Importantly, the interaction
of the nanotube with a substrate not only changes the value
of its thermal conductivity ��L� but also modifies the char-
acter of this dependence on the length of the nanotube show-
ing saturation for L→�. We believe that these results may
shed an additional light on a huge variation in the experi-
mental data: 1750–5800 W/mK �see Ref. 3, a crystal of
nanotube bunches� and 200 W/mK �Ref. 55, carbon nanotube
films�.

We notice that the experimental measurement of the
length-dependent thermal conductivity of an individual
single-walled carbon nanotube is a very difficult problem.
The first effort was made in Ref. 38, where authors reported
the measurement of the length-dependent thermal conduc-
tivities of individual SWCNTs on a Si substrate using a four-
pad 3� method. They observed that, over the length range of
0.7–7 �m, thermal conductivity grows with the length at
room temperature. Those authors estimated the phonon free-
path length as 180 nm. For SWCNTs longer than this phonon
mean path length, dissipative thermal transport is observed,
i.e., for larger L the coefficient of thermal conductivity satu-
rates approaching a constant value. Wang et al. in Ref. 38
mentioned that such dependence contradicts to the
molecular-dynamics simulation results. As a matter of fact,
this comparison is not valid because the numerical simula-
tions did not take into account the interaction of the nanotube
and substrate. As has been shown above, this interaction is
crucial, and it explains a dramatic change of the character of
thermal conductivity.

VI. COMPARISON WITH AVAILABLE
EXPERIMENTAL DATA

It is important to compare our results for the thermal con-
ductivity ��L� with the experimental data. Measurements of
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FIG. 16. �Color online� Dependence of the thermal conductivity
coefficient � on the nanotube length L for �a� nanotube �3,3� and �b�
nanotube �6,6� interacting with plane substrate for stiffness of inter-
action K0=300 N /m �marker 1�, 30 N/m �marker 2�, and 3 N/m
�marker 3� and for K0=0 �isolated nanotube, marker 4�. Straight
lines show the dependences ��L0.38 and ��L0.24 for isolate nano-
tubes. Temperature T=300 K; dimensions are �L�=Å and ���
=W /mK.
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the thermal conductivity of a single carbon nanotube are ex-
tremely difficult, however there exists a number of experi-
mental data already published in the literature,9–17 which we
summarize in Table III. The measured values of � differ by
at least two orders of magnitude, 300–2500 W/mK, which
indicate about low accuracy of the methods employed. The
nanotube length in the experiments was 0.7–3.7 �m. In nu-
merical simulations, we considered the nanotubes with maxi-
mum length L=0.62 �m, but we can extrapolate the results
to larger values of L in accord with the power law ��L�
�L�. The results presented in Table IV do not contradict
to those in Table III except one of the value, �=2.5
�104 W /mK, from Ref. 13.

Up to now we considered thermal conductivity at one
value of temperature only, T=300 K. Now we consider how
the thermal conductivity varies with the temperature. Our
numerical modeling demonstrates that for all T�500 K the
heat flux autocorrelation function decays in accord with a
power law �Eq. �36�� and only the exponent � varies remain-
ing ��1, as shown in Fig. 17. Therefore, the character of
the thermal conductivity does not change with temperature.

Energy scattering in the nanotube is associated with non-
linear interatomic interactions. However, the nonlinear oscil-
lations decay monotonically with a decrease of temperature
so that for low temperatures the dynamics becomes linear
and it can be described as a system of noninteracting linear
modes �phonons�. Therefore, in the framework of the classi-
cal model the thermal conductivity of a finite nanotube
should grow indefinitely for T→0. Our numerical simula-
tions confirm this conjecture. As can be seen in Fig. 18,
for any length L the thermal conductivity coefficient ��L�

grows monotonically when the temperature decreases, i.e.,
��L�→� when T→0.

This dependence is valid for the classical model when the
thermal capacitance does not depend on temperature. In
a quantum model the thermal capacitance of the nanotube
c decays monotonically with temperature: c�T�→0 when
T→0. In Refs. 56 and 57 it was shown that thermal capaci-
tance of the nanotube decays linearly with a decrease of tem-
perature. We notice that this result was shown earlier for a
thin film,58 and it is confirmed for the carbon nanotubes in
experiment.59–61 Since the energy carried by a phonon is pro-
portional to its thermal capacitance, the thermal conductivity
coefficient should also be proportional to the thermal capaci-
tance. Therefore, the thermal capacitance of the nanotube
should tend to zero for T→0.

In view of our discussions above, it is natural to evaluate
the applicability limits of the classical model studied here for
the thermal conductivity modeling. Indeed, an oscillatory
mode with the frequency � can be described by a classical
model provided T�TE, where TE=�� /kB is the Einstein
temperature. Therefore, the classical model remains valid for
���E�T�, where �E=kBT /�. For T=300 K we find �E

TABLE III. Experimental data for the thermal conductivity coefficient � of isolated nanotubes at room
temperature. D—external diameter of the nanotube, D0—internal diameter of multiwall nanotube, and L—the
nanotube length.

Ref.
D

�nm�
D0

�nm�
L

��m�
�

�W/mK�

10 MWCNT 14 2.5 3000

11 MWCNT 9.8 3.70 2000

9 SWCNT 2.4 2 3600

12 MWCNT 46 27 1 650–830

13 MWCNT 2 0.7 25000

14 SWCNT 1 2.76 6000

15 SWCNT 1.7 2.6 3500

16 MWCNT 20 10 1.4 30020

17 MWCNT 10–33 6 290–1050

TABLE IV. Extrapolation data for the thermal conductivity co-
efficient � �in W/mK� for large length L and different diameters D.

D
�nm�

L=1
��m�

L=2
��m�

L=3
��m�

L=4
��m�

0.4 2120 2750 3230 3570

0.8 770 880 960 1022

1.6 340 370 400 410
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FIG. 17. �Color online� Decay of the correlation function C�t�
�in the units of �C�= �eV Å /ps�2 and �t�=ps� for the nanotube �6,6�
and temperatures T=100, 200, 300, 400, and 500 K �curves 1–5�.
Straight lines show the power-law dependence t−� with the expo-
nents �=0.63, 0.68, 0.72, 0.75, and 0.75.
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=209 cm−1, so that at room temperature the classical model
can describe only low-frequency oscillations of the nano-
tube. As was shown above, the anomalous thermal conduc-
tivity of SWCNT is related with the long-wave �low fre-
quency� acoustic phonons, so the models used here seem
adequate, including the case of a nanotube fixed on a sub-
strate.

VII. COMPARISON WITH EARLIER
NUMERICAL RESULTS

We believe that it is important to compare our results
presented above with many earlier numerical studies of ther-
mal conductivity of isolated single-walled nanotubes.

First of all, we mention that by now, there exist many
papers devoted to the numerical modeling of thermal con-
ductivity of carbon nanotubes. All of those studies consid-
ered, to the best of our knowledge, only isolated nanotubes,
and they all employed the Brenner potential for analyzing the
interatomic interaction of carbon atoms in the nanotube.
However, as we demonstrated above, the use of the Brenner
potential leads to the same results which can be obtained
with the help of much simpler molecular-dynamics potentials
�Eqs. �7� and �8��. Therefore, in most of the cases the results
do not depend much on the specific type of the potential used
but mainly depend on the specific numerical techniques and
the properties of the system under consideration.

In the first papers about the numerical modeling of
the heat transfer in nanotubes, only very short nanotubes
were considered, so that some of the earlier studies led
to mistakes. In particular, Berber et al.18 suggested that
the SWCNT with the chirality index �10,10� possesses
a finite but very large thermal conductivity coefficient
��=6600 W /mK�. In Ref. 19, for the same nanotube it was
found another value, �=2980 W /mK, but the modeling was
carried out for the length L=0.04 �m. The study of short
nanotubes �10,10�, �11,11�, �20,0�, and �10,13� carried out in
Ref. 23 suggested the dependence of the coefficient � on the
chirality index. Our studies demonstrate that indeed such a
dependence is observed for short nanotubes, whereas for
larger L thermal conductivity does not depend on the chiral-

ity index, but it depends on the nanotube diameter �see Fig.
10�. In this limit, the main contribution into thermal conduc-
tivity is due to long-wave acoustic phonons which propagate
in the nanotube as in an elastic homogeneous cylinder being
not sensitive to the discreteness effects. As a result, the nano-
tubes of different chiralities but similar radius possess the
same thermal conductivity. This property has been first men-
tioned in Ref. 25 where it was also shown the strong depen-
dence of thermal conductivity on temperature and isotopic
defects.

The study of thermal conductivity of SWCNT conducted
in Ref. 24 was based on the use of the Green-Kubo formula
and the method of equilibrium molecular dynamics. It was
assumed that thermal conductivity is always finite and
that the correlation function C�t� decays exponentially as
exp�−�t�. These assumptions were used to calculate the cor-
relation function on a short time interval �0� t�3 ps� and
then approximate it for larger t. Our results show that the
assumption of the exponential decay of the correlation func-
tion is wrong. The similar mistake was made in Ref. 32,
where in the study of longer nanotubes �10,0� �with the
length L=5–200 nm�, it was assumed that the integral
�0

�CN�t�dt converges. Our results presented above show that
the main issue here is the convergence of this integral that is
determined by the decay rate of the correlation function.

The study of the correlation function conducted in Ref. 26
demonstrated that the thermal conductivity diverges with the
growth of the nanotube length. This is indeed confirmed by
our analysis for the function C�t� that decays for t→� ac-
cording to the power law t−� with ��1, so that the integral
in the Green-Kubo formula �31� diverges.

The first study of the dependence of the thermal conduc-
tivity coefficient on the nanotube length has been conducted
in Refs. 20 and 22. For the examples of the nanotubes �5,5�,
�8,8�, and �10,10� for the lengths L=0.006–0.404 �m, it
was shown that the coefficient ��L� grows with L in accord
with the power-law dependence. The similar dependence was
confirmed in other studies.25 This conclusion is confirmed
completely by our analysis, so that we observe that the
power law is observed for nanotubes with any chirality, but
the growth rate depends on the nanotube diameter: the larger
the diameter, the slower the growth of thermal conductivity.

The analysis of experimental and numerical studies pre-
sented in Ref. 28 leads to the conclusion that at room tem-
peratures the thermal conductivity is proportional to the
nanotube diameter �for SWCNTs� or squared diameter �for
multiwall nanotubes�. Our results do not confirm these con-
clusions and, as follows from Fig. 11, such dependencies
are valid for short nanotubes only. The second important
conclusion28 that the nanotubes demonstrate is the ballistic-
diffusive regime of thermal conductivity with the coefficient
� depending on the length as L�, where �=0.8 for the room
temperature. Our results confirm the power-law growth of
the thermal conductivity coefficient, but the exponent � is
fund to depend on the nanotube diameter �see Fig. 11� and �
decreases monotonically with the diameter. We also mention
that the experiments of the electric transport of nanotubes37

came to the same conclusion about the ballistic-diffusive
mechanism of the heat transfer.

Dynamics of a heat pulse in a SWCNT was studied in
Ref. 29. Numerical results demonstrated that the pulse
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FIG. 18. �Color online� Dependence of the thermal conductivity
coefficient � on temperature T for the nanotube �10,0� and the
lengths L=34, 68, and 136 nm �curves 1–3, respectively�.
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propagates as a wave and the long-wave acoustic phonons
contribute into the ballistic energy flux. As the results, the
SWCNT demonstrates an infinite conductivity, the result
which is confirmed by our analysis presented above. Numeri-
cal modeling of the heat pulse propagation in double-well
nanotubes �9,0�/�18,0� and �5,5�/�10,10� conducted in Ref. 33
also suggested that the main part of the heat pulse propagates
with the sound speed of long-wave acoustic phonons.

The heat transport in SWCNTs with a superlattice of iso-
topes 12C / 13C was analyzed in Ref. 30. A direct numerical
modeling of the energy transfer demonstrated that the values
of the thermal conductivity coefficient depend on the super-
lattice period. For the nanotube �5,5�, it was found a period
corresponding to the smallest value of thermal conductivity.

Numerical modeling of the heat transfer in multiwall
nanotubes with the external shell with the chirality index
�5,5� was carried out in Ref. 34. It was shown that the mul-
tiwall nanotube also possesses an infinite thermal conductiv-
ity. In this case, the coefficient of thermal conductivity �
grows with L as log�L�.

Last but not least, we mention that all earlier paper study-
ing the thermal conductivity of nanotubes considered only
isolated nanotubes, and the effect of substrate has not been
discussed in the literature so far to the best of our knowl-
edge.

VIII. SUMMARY AND CONCLUSION

We have studied numerically the thermal conductivity of
single-walled carbon nanotubes for the cases of an isolated
nanotube and the nanotube interacting with a solid substrate.
We have employed two different numerical methods and
compared the results for the models with different types of
interatomic potentials. Our results have revealed a number of
important general features of the thermal conductivity and
heat transfer in single-walled carbon nanotubes which do not
depend much of the type of the interatomic potential used to
model the nanotube dynamics as well as on the numerical
methods employed for the study of the thermal conductivity

and the dependence of the thermal conductivity coefficient
on the nanotube length.

In brief, our major results can be summarized as follows.
�1� An isolated infinite ideal single-walled carbon nano-

tube which is not fixed on a substrate demonstrates anoma-
lous thermal conductivity, as was already established in pre-
vious numerical studies. In our work, this result has been
confirmed by analyzing the dependence of the thermal con-
ductivity coefficient � on the length L of the nanotube which
has been shown to follow the power dependence for large L,
��L� with ��0, and the power dependence of the correla-
tion function, C�t�� t� with 0���1 for t→�. The expo-
nents � and � depend only on the nanotube radius R but not
on the chirality index. For larger R, the value of � grows but
� decreases.

�2� Our extensive numerical studies of the dependence of
the thermal conductivity coefficient on temperature have re-
vealed that the carbon nanotube demonstrates similar anoma-
lous thermal conductivity for all temperatures in the range
T�500 K.

�3� We have reveled that the interaction of the carbon
nanotube with a substrate may change dramatically the char-
acter of its thermal conductivity due to both the appearance
of a narrow gap in the frequency spectrum associated with
long-wave acoustic phonons as well as absorption of acous-
tic phonons by the substrate.

We believe these results may be useful for resolving a
number of controversies between earlier numerical simula-
tions and the data of the recent experiments conducted with
nanotubes placed on a substrate.
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